
Standard Form 298 (Rev 8/98) 
Prescribed by ANSI  Std. Z39.18

Final Report

W911NF-17-1-0157

70800-EG.5

225-578-1567

a. REPORT

14.  ABSTRACT

16.  SECURITY CLASSIFICATION OF:

1. REPORT DATE (DD-MM-YYYY)

4.  TITLE AND SUBTITLE

13.  SUPPLEMENTARY NOTES

12. DISTRIBUTION AVAILIBILITY STATEMENT

6. AUTHORS

7.  PERFORMING ORGANIZATION NAMES AND ADDRESSES

15.  SUBJECT TERMS

b. ABSTRACT

2. REPORT TYPE

17.  LIMITATION OF 
ABSTRACT

15.  NUMBER 
OF PAGES

5d.  PROJECT NUMBER

5e.  TASK NUMBER

5f.  WORK UNIT NUMBER

5c.  PROGRAM ELEMENT NUMBER

5b.  GRANT NUMBER

5a.  CONTRACT NUMBER

Form Approved OMB NO. 0704-0188

3. DATES COVERED (From - To)
-

Approved for public release; distribution is unlimited.

UU UU UU UU

30-11-2018 6-Apr-2017 31-Aug-2018

Final Report: Rapid penetration of rigid bodies into elastic 
media: the temperature, boundary and nonuniform speed effects

The views, opinions and/or findings contained in this report are those of the author(s) and should not contrued as an official Department 
of the Army position, policy or decision, unless so designated by other documentation.

9.  SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS
(ES)

U.S. Army Research Office 
 P.O. Box 12211 
 Research Triangle Park, NC 27709-2211

REPORT DOCUMENTATION PAGE

11.  SPONSOR/MONITOR'S REPORT 
NUMBER(S)

10.  SPONSOR/MONITOR'S ACRONYM(S)
    ARO

8.  PERFORMING ORGANIZATION REPORT 
NUMBER

19a.  NAME OF RESPONSIBLE PERSON

19b.  TELEPHONE NUMBER
Yuri Antipov

611102

c. THIS PAGE

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, 
searching existing data sources, gathering and maintaining the data needed, and completing and reviewing the collection of information.  Send comments 
regarding this burden estimate or any other aspect of this collection of information, including suggesstions for reducing this burden, to Washington 
Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington VA, 22202-4302.  
Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any oenalty for failing to comply with a collection 
of information if it does not display a currently valid OMB control number.
PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

Louisiana State University and A&M College
Office of Sponsored Programs
202 Himes Hall
Baton Rouge, LA 70803 -0001



Agency Code:  

Proposal Number:  70800EG

Address:  Office of Sponsored Programs, Baton Rouge, LA  708030001 
Country:  USA
DUNS Number:  075050765 EIN: 726000848 

Date Received:  30-Nov-2018
Final Report for Period Beginning 06-Apr-2017 and Ending 31-Aug-2018

Begin Performance Period: 06-Apr-2017 End Performance Period:  31-Aug-2018

Submitted By:  Yuri Antipov
Phone:  (225) 578-1567

STEM Degrees:  0 STEM Participants:  0

RPPR Final Report 
as of 06-Feb-2019

Agreement Number:  W911NF-17-1-0157

Organization:  Louisiana State University and A&M College

Title:  Rapid penetration of rigid bodies into elastic media: the temperature, boundary and nonuniform speed 
effects

Report Term:  0-Other
Email:  antipov@math.lsu.edu

Distribution Statement:  1-Approved for public release; distribution is unlimited.

Major Goals:  The  overall goal of the project was to advance constructive analytical methods for a class of mixed 
boundary value problems in elastodynamics and dynamic thermoelasticity. This project  focused  on modeling of 
rapid nonuniform penetration of thin two-dimensional and axisymmetric rigid bodies into a medium that can be 
categorized as an elastic or thermoelastic, infinite or semi-infinite, two- or three-dimensional body. Specifically, the 
PI aimed to study



(1) non-uniform speed effects on rapid penetration of a thin finite two-dimensional rigid

body in an infinite elastic plane with finite fore and semi-infinite trailing crack-like cavities;



(2) temperature effects by analyzing a dynamic coupled thermoelastic model for a thin rigid two-dimensional body 
moving in an elastic medium when the conditions of Coulomb friction hold on the body-medium interface, and a 
semi-infinite crack-like cavity trails the body;



(3) boundary effects by examining penetration of a finite rigid body in a half-plane in the direction orthogonal to the  
boundary;



(4) an axisymmetric model on penetration of a cylindrical semi-infinite rigid body

into a three-dimensional elastic medium.

Accomplishments:  1. Major activities. I was working on steady-state and transient two-dimensional problems on 
motion of a thin rigid body in an unbounded elastic medium, dynamic problems of coupled thermoelasticity, 
nonuniform speed motion, motion of a rigid body in an elastic medium with a boundary and motion of axis-
symmetric bodies. I attended the Penetration Mechanics Short Course organized by SWRI at San Antonio (March 
2018) to establish research links with scientists from SWRI working in penetration mechanics. I have written four 
papers on the results related to the project (three of them have been published and the fourth one is to be 
submitted) and made four presentations. 



2. Specific objectives. Upon completion of this 15-month-research-work it was expected to obtain the following 
results:

(i) An analytically-numerical  solution of a dynamic plane problem on a thin finite rigid body advancing at 
nonuniform speed. The model assumes that there are fore and trailing crack-like cavities and the body contacts 
with the surrounding elastic medium according to the Coulomb friction law. It was expected that this solution would 
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help to understand how nonuniform speed and cavities affect the stress distribution around the body and design a 
criterion for determination of the terminal point of the body path.

(ii) A numerically-analytical solution of the steady-state  plane problem of dynamic coupled  thermoelasticity on 
transonic motion of a thin rigid body. 

(iii) Derivation and analysis of a system of two two-dimensional singular integral equations governing the 
penetration process of a thin rigid body into an elastic half-plane at nonuniform speed in the direction orthogonal to 
the boundary of the half-plane. 

(iv) Reduction of the dynamic axisymmetric problem on a semi-infinite cylindrical rigid body moving at constant 
speed in a three-dimensional elastic medium  to four one-dimensional singular integral equations. It was aimed to 
use this model problem  as a simplified model for penetration of a finite cylindrical rigid body in an elastic medium.



3. Significant results.

(i) To analyze the thermoeffects, in collaboration with B.T. Dickinson (Eglin AFB) we considered (Math. Mech. 
Solids,  (2018) 23, 1274-1290) a model dynamic problem of coupled thermoelasticity for a two-dimensional elastic 
structure. We derived the governing integro-differential equations using the variational approach and solved them 
by applying integral transforms and the method of successive aproximations for the resulting infinite system of 
linear algebraic equations for the Laplace transforms of the vibration modes. 

(ii) I analyzed (Quart. J. Mech. Appl. Math. (2018) 71, 221-243) two steady-state models of penetration of a thin 
finite rigid body in an infinite elastic medium. Both models assume that the body and the medium contact according 
to the Coulomb friction law, and the body leaves a semi-infinite crack-like cavity behind. The difference between the 
two models is the presence of a fore finite crack-like cavity in the first model. Both problems were reduced to two 
exactly solved Riemann-Hilbert problems. I proposed a criterium for determination of the aft and fore separation 
points and a new integral formula for the resistance force which takes into accounts not only the tangential stress 
but also the other components of the stress tensor. 

(iii) To analyze the transient effects, I considered the transient problem (the results are to be submitted) on motion 
of a thin finite rigid body at sub-Rayleigh speed in an elastic medium. When the body moves, it leaves a semi-
infinite crack-like cavity behind, and a finite crack-like cavity is formed ahead of the body. By means of the Laplace 
and Fourier transforms the problem maps into a Riemann-Hilbert problem for three pairs of piecewise analytic 
functions with a triangular matrix coefficient. A new approximate scheme for its solution was proposed. The 
problem was also reformulated as a system of two singular integral equations on a finite and a semi-infinite 
intervals and solved by the method of orthogonal polynomials by reducing it to a second kind infinite system of 
linear algebraic equations. Numerical results demonstrate an efficiency of the method. Currently, based on this 
solution I am developing a numerical algorithm to compute the resistant force and stresses around the cavities.

(iv) To develop an efficient numerical procedure for the transient problem on motion of a body in an elastic medium 
with a semi-infinite trailing cavity and and a finite fore cavity, in collaboration with S.M. Mkhitaryan we studied 
(Quart. Appl. Math. (2018) 76, 739-766) the semi-infinite Hilbert transform, derived some new integral relations for 
orthogonal polynomials, and obtained new quadrature formulas for the Cauchy singular integral efficient for 
numerical purposes.

(v) Using the motion equations in cylindrical coordinates I derived a system of four integral equations for the three-
dimensional axisymmetric model on rapid motion of a rigid semi-infinite cylinder in an elastic medium. Also a 
method of integral transformations for realistic ogive-nose rigid bodies was developed. This work is still in progress. 



4)  Key outcomes and discussion of stated goals not met.

(i) The numerical tests revealed that unless the coupling parameter is small the coupling of the heat and bending 
equations effects are essential on the deflection and the temperature distribution. If the  coupling parameter is 
large, then the generally accepted practice of decoupling the heat and elasticity equations may lead to a significant 
error of computations.

(ii) We discovered that the resistance force formula based on the tangential traction only and widely employed in 
the literature underestimates its values and leads to the unrealistic zero value as speed reaches the Rayleigh 
speed. Numerical results show that for ogive-nose thin two-dimensional penetrators with a semi-infinite trailing 
cavity the resistance force varies significantly with motion speed. If the fore crack length is fixed and assumed to be 
independent of speed, then similarly to the variation of the Mode-I SIF with sub-Rayleigh speed in dynamic fracture  
the resistance force is a decreasing function of speed. If the fore crack length in Model 1 is recovered from the 
Griffith criterion as the root of the associated transcendental equation, then the crack length is an increasing 
function of speed, while the resistance force depends on speed not monotonically. It attains its maximum at a 
certain speed and then decreases as speed approaches the Rayleigh speed. 

(iii) One of the objectives of the project was to work out a method for the model problem on motion of finite rigid 
bodies at nonuniform speed in an elastic medium. It was discovered that the Freund's procedure (L.B. Freund, 
Dynamic Fracture Mechanics) proposed for nonuniform motion of a semi-infinite crack is not applicable for rigid 
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bodies having a nonzero thickness. The key step in the Freund's method is the solution of the problem on a 
suddenly stopping crack. The requirement that the stress intensity factor vanishes at the crack tip is sufficient for 
the crack to stop, while in the problem on a suddenly stopping finite rigid body that condition is not sufficient. In 
future we are planning to develop another method based on the full system of elasticity equations and the boundary 
layer theory.

(iv) It was also planned to analyze the boundary effect of rigid body motion in order to model the penetration of a 
rigid body into an elastic medium when it hits the medium surface. We managed to derive integral equations for the 
case of antiplane deformation. It turns out that even in this case the resulting integral equations are of a new type 
and have not been studied in the mathematical literature. In future we continue our efforts on the analysis of these 
integral equations and developing efficient numerical methods.
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Training Opportunities:  I did not manage to recruit a graduate student with one-semester support from the grant 
during the period April 2017- April 2018. However, during this period I interviewed several first-year graduate 
students and let them know the aims of my ARO proposal and how applied mathematics may help to solve hard 
problems of penetration mechanics. Several students whom I interviewed enrolled in my Fall 2018 graduate class 
Complex Analysis, and one of them became interested in working with me next semester on problems related to 
the grant supported research.

Results Dissemination:  The results of the research work supported by ARO were reported at



the Canonical Scattering Workshop organized by the Department of Mathematics, University of Manchester, U.K. 
(November 2017). The title of presentation was ``Nonuniform motion of cracks and thin rigid bodies

in elastic media",



the Mathematics Department Colloquium in University of Memphis (March 2017). The title of presentation was 
``Penetration of thin rigid bodies into elastic media, the Riemann-Hilbert problem, and the semi-infinite Hilbert 
transform",

 

Annual SIAM Meeting in Portland (July 2018). The title of presentation was

``Hilbert Transform, Quadrature Formulas for the Cauchy Integral in a Semi-axis, and Singular Integral Equations",



SIAM TX-LA Sectional Meeting in Baton Rouge (October 2018). The title of presentation was ``Subsonic 
penetration of a thin rigid body into an elastic medium with crack-like cavities ahead and behind the body".



Also, during the Penetration Mechanics Course in South-West Research Institute at San Antonio in March 2018 I 
discussed the results obtained with attendees of the course and SWRI researchers.

Honors and Awards:  Air Force Summer Faculty Fellowship Award 2017 (Eglin AFB)

Air Force Summer Faculty Fellowship Award 2018 (Eglin AFB)

Protocol Activity Status: 

Technology Transfer:  During the periods May - June 2017 and June - August 2018 I was collaborating with Dr 
Benjamin Dickinson (AFRL: Munitions Directorate, Eglin Air Force Base) on studying model problems of dynamic 
coupled thermoelasticity related to the second part of the current project supported by ARO.
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